Abstract. Recently, Yuan and Li considered a variant y 2 = px(Ax 2 − 2) of Cassels' equation y 2 = 3x(x 2 + 2). They proved that the equation has at most five solutions in positive integers (x, y). In this note, we improve Yuan-Li's result by showing that for any prime p and any odd positive integer A, the Diophantine equation y 2 = px(Ax 2 − 2) has at most three solutions in positive integers (x, y).
Introduction
In 1985, J. W. S. Cassels ([6] ) was asked to find all the cases when the sum of three consecutive integral cubes is a square. The problem consists in solving the Diophantine equation y 2 = 3x(x 2 + 2). He used some elementary results from the theory of algebraic number fields to find x = 0, 1, 2, 24, i.e., the solutions are (x, y) = (0, 0), (1, 3) , (2, 6) , and (24, 204). Using the classical work of Wilhelm Ljunggren, Luca and Walsh ( [8] ) obtained a generalization. They proved that the equation y 2 = px(x 2 + 2) has at most three solutions in positive integers (x, y), where p is a prime. An analogous result was obtained by Bennett ([4] ) when he studied the Diophantine equation y 2 = nx(x+1)(x+ 2).
In [13] , the second author and Li studied another extension of Cassels' theorem by replacing the factor x 2 + 2 by x 2 − 2. In fact, using some results on the Diophantine equations of the forms ax 4 − by 2 = 2, 2 |ab, ax 4 − by 2 = 1 ( [1] [2] [3] 10, 12] ) and ax 4 − y 2 = 1 ( [7, 11] ), they proved the following two results.
Theorem 1.1. For any prime p and any odd positive integer A > 1, the Diophantine equation
has at most five solutions in positive integers (x, y).
Theorem 1.2. For any prime p, the equation
has no solutions when p ≡ 3 (mod 8), at most one positive solution (x, y) when p ≡ 5, 7 (mod 8), and at most three such solutions when p ≡ 1 (mod 8).
The aim of this paper is to improve Theorem 1.1 by obtaining a sharper bound of the number of solutions to equation (1.1). So we will prove the following result. The organization of this paper is as follows. In Section 2, we will recall some results on the Diophantine equation aX 4 − bY 2 = c, where a, b are positive integers and c = 1, 2. In the last section, we use the results recalled in Section 2 to prove Theorem 1.3. We consider all possible cases and obtain sharp bounds for the number of solutions of equation (1.1) in each case.
Preliminary results
In this section, we will recall the following three results that will be used to prove Theorem 1.3. The first result can be found in [7, 11] . The last result that we recall here was obtained by the second author and Li ( [12] Let p be a prime, A an odd positive integer. Moreover, let x, y be positive integers satisfying
If p = 2, then we have x = 2x 1 , y = 2y 1 . So we get
This is impossible by taking modulo 8. Now, we assume that p is an odd prime. We consider two cases. Case 1: x is odd. As p is square-free, replacing y/p by w, equation
Then, there exist odd integers u, v such that
i.e.,
i.e., Case 2: x is even. Put x = 2z. As before, since p is square-free, replacing y/2p by w we have
Then there are positive integers u, v such that 
Final remarks
In Table 1 below, we list the result of our computations done by Magma ( [5] ). To do these computations, we first transform equation (1.1) into the form (4.1)
Multiplying both sides by p 2 A 2 , we get
where U = pAx, V = pAy. Using Magma, we determine the rational points (U, V ) on the elliptic curve (4.2), then we compute the corresponding values of x, y which should be positive integers. It took a few seconds to obtain the solutions of each equation. Here, we remind the reader that type To give some comments on the above conjecture, we first recall the following conjecture of Walsh ( [9] ) on the diophantine equation Since m 2 + m + 1 is odd and 2A is even, Conjecture 4.2 implies that equation (3.4) has at most one positive integer solution. To prove Conjecture 4.1, first we must prove that for given A > 0, p, where p is an odd prime, equation (3.4) has at most one positive integer solution, which is a special Table 1 . Examples case of Conjecture 4.2. Next, from the proof in Section 3, we must show that equations (3.1) and (3.2), (3.1) and (3.4), (3.2) and (3.4), (3.3) and (3.4) cannot have positive integer solutions simultaneously, which seems to be very difficult.
